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Abstract

A modified method of analysis is presented which improves the potential of the omega function [BK.
Milthorpe, P.D. Jeffrey and L.W. Nichol, Biophys. Chem. 3 (1975) 169] for the characterization of solute
self-association by sedimentation equilibrium. Its application to reversible dimerization is illustrated by
analysis of Rayleigh interferograms for a-chymotrypsin in acetate—chloride buffer (pH 3.9, T 0.2), a system for
which allowance for effects of thermodynamic non-ideality is made on the statistical-mechanical basis of
excluded volume. Potential use of the revised procedure for the characterization of discrete self-association
involving species larger than dimer is then explored by its application to simulated data for monomer-tetra-
mer and monomer—dimer—trimer systems. An analysis of Rayleigh interferograms for diisopropyl-w-
chymotrypsin at low ionic strength {pH 7.9, 1 0.03) is also presented to illustrate the characterization of a
system in which the solute is considered to undergo indefinite self-association. Finally, the equivalence of
quantitative inferences based on the omcga analysis and the simulation of concentration distributions at
sedimentation equilibrium [M.L. Johnson, J.J. Correia, D.A. Yphantis and H.R. Halvorson, Biophys. J. 36
(1981) 575] is illustrated by an adaptation of the latter procedure to obtain the association constant for
a-chymotrypsin dimerization in acetate—chloride buffer, pH 3.9, J 0.2
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1. Introduction

The characterization of solute self-association
equilibria by sedimentation equilibrium is usually
based on assessment of the concentration depen-
dence of the weight-average molecular weight
[1-11] by a procedure devised initially [12] for the
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analysis of light-scattering data. An obvious dis-
advantage of this method for the analysis of sedi-
mentation equilibrium distributions is that the
molecular weight data are obtained by differenti-
ating a logarithmic transform of the concentra-
tion distribution with respect to the square of
radial distance. Realization that such differentia-
tion magnifies any experimental uncertainty in-
herent in the measured concentration distribu-
tion has led to the development of elaborately
programmed software for smoothing data [13].
Although resort to such practice is undoubtedly
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necessary from the viewpoint of minimizing error
in the differentiation process and hence in the
experimentally assessed concentration depen-
dence of molecular weight, the need for so doing
is rendered redundant by the fact that the next
step of the procedure entails reintegration of the
molecular weight data to determine the weight-
fraction of monomer in a solution with total so-
lute concentration ¢(r).

Direct analysis of the equilibrium concentra-
tion distribution [14,15] is clearly the method of
choice for obviating the additional error intro-
duced by the above cycle of differentiation and
integration to determine monomer concentration,
However, the significance of the omega analysis
[14] is still being either overlooked or ignored.
For example, in a recent review of sedimentation
equilibrium [16] a footnote was used to dismiss
the omega analysis as an oddity of the Aus-
tralasian scene. On the contrary, it could be ar-
gued that the omega function has been the most
important breakthrough since the pioneering in-
vestigations of Adams and Williams [1] into the
quantitative characterization of solute self-associ-
ation by analysis of sedimentation equilibrium
distributions; and that its only serious rival for
that honour is the elaborate non-linear curve-fit-
ting program devised by the Yphantis group [15]
for evaluating self-association constants by simu-
lation of the ¢{r)-r distribution.

The virtue of the omega function, which is
evaluated directly from the concentration distri-
bution at sedimentation equilibrium, is that it
provides a simple means of estimating unequivo-
cally the thermodynamic activity of monomer as a
function of total solute concentration throughout
the equilibrium distribution — information that
no other procedure has the capacity to provide.
Admittedly, a drawback of the original version of
the omega analysis [14] is the extent of reliance
placed upon the accuracy of an extrapolation of
the omega function to zero solute concentration,
this being a problem addressed by Morris and
Ralston [17,18] in their attempt to alleviate that
limitation. In similar vein, we develop further the
analysis from its original form [14] so that results
may be assessed more accurately and conve-
niently.

M.P. Jacobsen, D.J. Winzor / Biophys. Chem. 45 (1992) 119132

2. The omega analysis

The omega function, {)(r), is an experimental
parameter defined by the relationship [14]

Q(r) =[e(r) /e(rg)] exp{¢M1(r§.—r2)} (1a) ‘
b= (1-Tp,)0?/(2RT) (15)

in which &(r) and &(rz) denote the respective
total solute concentrations (g/L) at radial dis-
tance r and reference radial position rp. The
exponent in eq. (1a) is calculated on the basis of a
molecular weight M, for self-associating monomer
and a partial specific volume 7 of the solute,
which is considered to be the same for monomer
and all polymeric states — an assumption inher-
ent in most analyses of sedimentation equilibrium
distributions for self-associating systems [1-
11,13-18]. R is the universal gas constant and T
the absolute temperature in a sedimentation
equilibrium experiment conducted at angular ve-
locity w: p, is the solvent density [19-21]. In the
context of quantifying solute self-association, the
important feature of the omega function is its
relationship to solution composition. Specifically,

Q(r) =2z,(re)e(r) /| 2:(r)e(rg)] (2a)
=04C(r)/zy(7) (2b)

where z,(r) and z,(rp) refer to the thermody-
namic activities of monomer at the respective
radial positions: eq. (2b) follows from the demon-
stration [14] that the ratio z,(rp)/Z(rg) is given
by the ordinate intercept, Q,, of a plot of (r)
versus ¢(r). The thermodynamic activity of
monomer, z,(r), throughout the concentration
distribution may then be calculated by noting that
the condition of sedimentation equilibrium re-
quires conformity with the expression

zy(r) =z/(rp) CXP{‘I’M](’Z_’IE)} (3)

Combination of egs. (2) and (3) leads to the
relationship

zy(r) = Qo(rg) CXD{¢M1(’2*H%)}' (4)

Furthermore, ¢(r) may be expanded in terms of
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individual species activities, z,(r), as

2(r) = 2(r) /7i) + é[xf{z«r)}"/y.-(r)]
(5)

where the activity of each polymeric species is
expressed as the product of the association con-
stant X, (L' "'g' ™) and the monomeric activity
raised to the appropriate power: y,(r) and v,(r)
are the respective activity coefficients of monomer
and pertinent oligomeric species. With these sub-
stitutions eq. (2b) becomes

Q(r)ydr)
— 0y + L XQ[E(r ;) exploM,(r2=r2))] "
2
X[')’l(’)/)’i(")] (6)

This expression is to provide the bases for the
revised procedures for quantifying a range of
situations encountered in sedimentation equilib-
rium studies.

3. Applications of the omega analysis

In its original form [14] the omega analysis
entailed extrapolation of the Q(r) —&(r) depen-
dence to zero solute concentration to obtain {};
and hence (via eq. 2) the activity of monomer,
z(rg) in the solution with total solute concentra-
tion &(rp) at the reference radial position. Since
eq. (3) was then used to calculate monomeric
activities, z,(r), at radial positions throughout the
equilibrium distribution, heavy reliance was in-
deed placed on the accuracy of that nonlinear
extrapolation to obtain Q; [17,18]. We have
therefore sought means to improve this aspect of
the omega analysis — a task which necessitates
the consideration of a series of separate situa-
tions.

3.1 Non-ideality of a non-associating solute
The simplest case worthy of consideration is

the characterization of the thermodynamic non-
ideality of a non-associating solute with molecu-
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lar weight M. This situation is described quanti-
tatively by setting X, =0 in eq. (6), which then
becomes

Q(r) =Qu/v(r) (7)

For moderate concentrations the virial expansion
of the activity coefficient as a power series in
concentration may be truncated after the linear
term, whereupon eq. (7) may be rewritten as

Q(r) =, exp{ - [ay,c,(r) + -]}
z!1(){1_‘)‘1161(")‘|' } (8)

in which a,, is the second virial coefficient (ex-
pressed in L /g) for solute self-interaction, and in
which the overbar notation for total concentra-
tion has been omitted because there is only one
solute. From the predicted linear dependence of
Q(r) upon solute concentration, «,, may be cal-
culated as the ratio of the slope (—Qya,,) to the
ordinate intercept (().

Use of the Q{r) function for quantifying the
thermodynamic non-ideality of a non-associating
solute has already been illustrated in a sedimen-
tation equilibrium study of isoelectric ovalbumin
[22]. Indeed, inspection of Fig. 2a therein shows
that the linear plot of ((r) versus c{r) was used
to evaluate (), and hence the thermodynamic
activity, z(rg), of ovalbumin at the reference
radial position with a concentration, ¢ (rg), of
1.25 mg/ml. However, whereas the resulting value
of z,(rg), i.e., Qyc,(rp), was then used to gener-
ate the dependence of z,(r) upon c(r) via eq. (4)
so that the dependence of In y(r) upon ¢,(r)
could be determined (Fig. 2b of [22]), inspection
of eq. (8) indicates the redundancy of such action.
Clearly, a,;, may be calculated directly from the
linear dependence of {r) upon c,(r). From Fig.
1, which is derived from Fig. 2a of [22], the ratio
of the slope to the ordinate intercept yields a
value of 0.0112 (+0.0004) L/g for «,, or a
second virial coefficient of 500 (+20) L/mol for
the self-interaction of ovalbumin.

3.2 Characterization of solute dimerization

We first consider the situation in which the
reversible dimerization of a solute is investigated
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Fig. 1. Evaluation of the activity coefficient of isoelectric

ovalbumin by analysis of a sedimentation equilibrinm distribu-

tion in terms of the omega function (eq. 1a with ¢|(rp) =125

mg/ml, rz=7.100 ¢cm) and eq. (7), the data being inferred
from Fig. 2a of [22].

at sufficiently low concentrations for the effect of
thermodynamic nonideality to be neglected. Un-
der those circumstances (n = 2, y,(r) = y,(r) = 1),
eq. (6) becomes

Q(r) =Q,+ X,Q0(rg) exp[d)Ml(rZ - ré)]
(9)

which indicates that ((r) should exhibit linear
dependence upon &(rp) expldM(r” — rf)]. The
dimerization constant, X, (L/g), may thus be
evaluated from the the ratio of the slope (X,(}3)
to the square of the ordinate intercept (Q,).

Although assumed thermodynamic non-ideal-
ity is an allowable approximation in sedimenta-
tion cquilibrium experiments conducted with rel-
atively low solute concentrations, the extension of
measurements to encompass a larger range of
c(r) clearly brings into question the validity of
that assumption; and hence draws attention to
the need for an analysis that takes into account
the effects of thermodynamic non-ideality.

From the relevant form of eq. () for a dimer-
izing system, namely,

Q(’)Yl(r)
= 0, + X,03{e(r) exp[$M,(r2 - r2)])
X{vi(r)/va(r)) (10)

it is evident that estimates of y,(r} and y,(r) arc
required for an unequivocal value of X, to be
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obtaincd. In that regard the traditional approach
to this problem has been to adopt the simplifying
assumption that the composition dependence of
activity coefficients is described by the expression
[23]

v,(r) =exp[iBM,Z(r)] (11)

in which B is an empirical curve-fitting parame-
ter. However, this description of the composition
dependence of activity coefficients was intro-
duced to allow identification of the apparent as-
sociation constant based on species concentra-
tions with the true thermodynamic constant based
on species activities. Since these two parameters
arc inter-related by the expression

X, =X ys(r) /[1()]) (12)

the adoption of eq. (11) for y (r) and y,(r) leads
to a value of unity for the activity coefficient ratio
term. As noted previously [24], eq. (11) is an
inappropriate description of the composition de-
pendence of activity coefficients for globular pro-
teins because B (the supposed second virial coef-
ficient) cannot be regarded as a constant.

We therefore prefer to adopt the viewpoint
that y(r) and y,(r) may be obtained on the
statistical-mechanical basis of excluded volume.
On the basis of spherical geometry for all species,
the expressions for the activity coefficients are
[21]

y(r)= e"p{(an/Ml)C](”)

+(a12/M2)[E(r) _Ci(r)]} (13a)
¥2(r) = exp{(@n/M,) [¢(r) — /(7]
+(a12/M])Cl(r)} (13b)
o, =327NR}/3
+Z}(1+2xR,) /[20(1 +&R,))]  (13¢)

+Z3(1+2kRy) /[20(1 + kRy)Y] (13d)
ap=4mN(R, +R,) /3

Z,Z,(1 + kR, +kR;)

21(1 + kR, )(1+ «R,)

(13e)
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where c¢(r) is the weight-concentration of
monomer associated with total concentration ¢(r),
and the charge—charge term is defined in stan-
dard Debye-Hiickel nomenclature: Z,, Z, and
R,, R, are the respective nett charges (valences)
and radii of monomer and dimer with molecular
weights M, and M,; and the inverse screening
length (k) is related to ionic strength I by the
relationship 7 = 3.27 X 107 yT at 20°C. Since the
evaluation of activity coefficients, y(r), clearly
requires knowledge of c,(r), the concentration of
monomer at radial distance r, a logical approach
is to assume thermodynamic ideality [y (r)=
y,(r)=1] initially so that first estimates of X,
and hence ¢ (r) may be obtained for substitution
into eq. (13) to obtain y(r) for each &(r). After
plotting the results in accordance with eq. (9), we
may then employ eq. (10) to obtain second esti-
mates of , and X,. Should the magnitudes of
€}, and X, differ significantly from the initial
estimates, their values may be refined further by
successive iteration on the basis of the revised
values of ; and X,.

The feasibility of using this procedure is illus-
trated by reanalysis of Rayleigh interferograms
obtained in an earlier sedimentation equilibrium
study of @-chymotrypsin (25] under conditions
(pH 3.9, I 0.2) where this enzyme undergoes
reversible dimerization [25-28). Open symbols in
Fig. 2 summarize the analysis of high-speed
(squares) and low-speed (circles) sedimentation
equilibrium distributions in accordance with ideal
sedimentation equilibrium behaviour (eq. 9) on
the basis that ¢(ry) = 1.10 mg/mL, M, = 25000
and 7 =0.736 mL/g. Initial estimates of 0.441
and 2.56 L/g are obtained for {}, and X, re-
spectively. This estimate of the dimerization con-
stant is slightly smaller than, but in reasonable
agreement with, that of 3.5 L /g reported [23] on
the basis of an €}, value obtained by extrapola-
tion of the curvilinear plot of Q(r) versus ¢(r) to
zero concentration.

Because the upper limit of ¢(r) in these exper-
iments was 6.5 mg/mL, the consequences of
thermodynamic non-ideality were assessed by re-
sort to eq. (13) so that the data could be replotted
in accordance with eq. (10) to obtain revised
estimates of ), and X,. To that end values of
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Fig. 2. Determination of a dimerization constant by applica-
tion of eq. (10) with ¢(rg)=1.1 mg/ml to Rayleigh interfero-
grams of sedimentation equilibrium distributions for «-
chymotrypsin in acetate-chloride, pH 3.9, 7 0.2 [25]. Open
symbols denote the initial analysis of two separate cxperi-
ments on the basis of thermodynamic ideality, whereas solid
symbols incorporate allowance for effects of non-ideality on
the basis of the initial analysis and activity coefficients calcu-
lated via egs. (13a—¢€).

2.44 and 3.07 nm have been ascribed to R, and
R,, respectively, on the basis of spherical gcome-
try (R, =2'/°R|) and substitution of the hydrody-
namic radius for the effective thermodynamic ra-
dius of the hydrated monomer [29,30]. The re-
spective nett charges of monomeric and dimeric
a-chymotrypsin have been taken as + 10 and +20
[31]. From the consequent reanalysis, signified by
solid symbols in Fig. 2, 0, decreases to (.390 +
0.023, whereas X, incrcases to 3.70 + 0.80 L/g.
On the grounds that iteration of the analysis
leads to unchanged magnitudes for these two
parameters, we conclude that X, =37+ 08 L/g
for the dimerization of a-chymotrypsin in ac-
etate—chloride buffer, pH 3.9, I 0.20. Although
smaller uncertainties were assigned to earlier es-
timates of X, for a-chymotrypsin under these
conditions [25,29], the quoted precision took no
account of uncertainty in {},. The estimated er-
ror (£2 S.EM.) is therefore a more realistic
estimate of the experimental uncertainty inherent
in the dimerization constant.

Although the revised procedure has avoided
the complete reliance of the original analysis
upon a value of €, obtained by curvilinear ex-
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trapolation of the Q(r)—¢&(r) dependence [14],
any experimental error in the selected value of
¢(r) does, of course, introduce systematic error
into the abscissa and ordinate parameters of the
revised plot (Fig. 2). However, because the refer-
ence position is not restricted to a single solute
concentration, repetition of the analysis with a
range of such values should eliminate depen-
dence of the evaluated association constant upon
the particular reference position [rg, &(rg)] se-
lected. In the present instance the dimerization
constant obtained from Fig. 2 also described those
evaluated on the basis of any reference concen-
tration between (.8 and 1.5 mg/mL, the range of
overlap in the high-speed and low-speed sedi-
mentation equilibrium experiments.

Of interest in the present context of allowance
for effects of thermodynamic nonideality is the
result obtained by resort to the Adams-Fujita
[23] approximation (eq. 11) for evaluating the
activity coefficients required for application of
eq. (10). With those substitutions eq. (10) be-
comes

Q(r) exp| BM,2(r)]
=0, + X,Q58(rp)
Xexp[rf)Ml(rz—rzF)—BM,E(r)] (14)

On the basis that a plot of Q(r) exp[ BM,&r)]
versus c(rg) exp(¢M (12— r2) — BM,&(r)] should
be linear for a monomer—dimer system, magni-
tudes were assigned to the curve-fitting parame-
ter, B, and the most appropriate value was iden-
tified as that vielding the best linear correlation
coefficient. . Allowance for the effects of non-
ideality in this manner yielded B =0.0044, Q,=
0.415 and X,=3.110.6 L/g. This estimate of
the dimerization constant is slightly larger than
that of 2.6 £ 0.5 L/g obtained on the basis of
thermodynamic ideality, but slightly smaller than
the value of 3.7 + 0.8 L/g obtained by allowing
for effects of non-ideality on the statistical me-
chanical basis of excluded volume. Inasmuch as
the discrepancy between values after allowance
for thermodynamic non-ideality could be de-
creased by increasing the magnitude of the
curve-fitting parameter, it is worth noting that
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identification of the most appropriate value of B
for this system on the basis of best linear fit is not
really satisfactory, being reliant upon differences
in the seventh decimal place of a correlation
coefficient in the vicinity of 0.9989. Such discrimi-
nation between values of the curve-fitting param-
eter would be hazardous even if the quantitative
expressions were exact, and clearly questionable
when the expression being used is known to con-
tain an inappropriate allowance for the composi-
tion dependence of activity coefficients. Never-
theless, although adoption of the Adams-Fujita
[23] approach may be inferior to the calculation
of activity coefficients on the basis of excluded
volume for simple (two-state) systems, it does at
least alter the magnitude of the self-association
constant in the correct direction. Because some
allowance for effects of thermodynamic non-
ideality is probably better than none, it can be
argued that there is some merit in applying the
Adams-Fujita approximation to more compli-
cated (multiple-state) self-associating systems for
which lack of information precludes the assign-
ment of shapes and valences to the various poly-
meric states of the solute.

3.3 Two-state self-association involving higher poly-
mers

Having established and demonstrated a proce-
dure for characterizing monomer—dimer equilib-
ria (Fig. 2), we now wish to focus attention on
two-state self-associating systems in which the
polymeric species is larger than dimer. From the
general counterpart of eq. (10), namely,

Qovi(r)
=0, +XHQS{E(rF) exp[oM,(r? - rﬁ)]}"

x{yi(r) /va(r)} (15)

it is evident that the plot (Fig. 2) of Q(r)y,(r)
versus ¢(rp) expléM(r? — r2)] is only linear for
reversible dimerization (# = 2). A curvilinear plot
therefore implies either the existence of two-state
self-association involving a polymeric state larger
than dimer (n > 2), or the existence of multiple
polymeric states in association equilibrium with

~1
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monomer. In this section the former situation is
considered, the latter possibility being the subject
of Sections 3.4 and 3.5.

Comparison of eqgs. (6) and (15) shows that
two-state self-association may be distinguished
from multiple-state self-association on the
grounds that a linear plot emanates from eq. (15)
for a two-state system provided that the appropri-
ate value of n is selected for the abscissa parame-
ter, {c(rp) expléM(r? — rHB* Yy, (r)/y,(r)}.
This possibility is explored by analysis of data
that have been simulated for a monomer—tetra-
mer system (n = 4) based loosely on haemoglobin.

Sedimentation equilibrium distributions were
simulated initially for an ideal monomer—tetra-
mer sclf-associating system at 20°C on the basis
of the following parameters: M, = 16000, (1 -
Dp,) =0.260, X, =0.118 L*g > (equivalent to the
value used in [15], 6.85 and 7.10 cm as radial
extremitics (r,, r,) of the liquid column, and
angular velocities of 40000 and 18000 rpm to
generate high-speed [32] and low-speed [33] pat-
terns. Simulations were commenced by assigning
a total solute concentration, ¢(r,), at the base of
the liquid column, and by solving the quartic
equation

X,[ei(ro)]* + () = (1) =0 (16)

to obtain ¢,(r,). The equilibrium distributions of
monomer and tetramer throughout the column
were then calculated from eq. (4) on the grounds
that z,{(r) = ¢,(r) for an ideal system. Non-ideal-
ity was then introduced into the system by assign-
ing values of 2.00 and 3.12 nm to the respective
radii of monomer and tetramer, both of which
were considered to bear nett zero charge (Z, =
Z,=0). Iterative application of the counterparts
of egs. (13a-¢) for a monomer—tetramer system
with the thermodynamic activities of monomer
and tetramer [ z,(r), z,(r)] taken as the respective
initial estimates of c,(r) and c,(r) then yielded
the theoretical sedimentation equilibrium distri-
butions, &(r) versus r. These were converted to
refractometric units on the basis of a fringe dis-
placement of 0.0295 ¢m and a value of 4,00 for
the number of fringes generated by 1 mg/mL
solute. In accordance with the protocol adopted
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Fig. 3. Identification of the stoichiometry (n) of two-state
self-association when the polymeric state of the solute is
larger than dimer, simulated results for a thermodynamically
non-ideal monomer—tetramer system being plotted in accor-
dance with eq. (15) and a range of values (2-5) for n.

in [15], the uncertainty associated with experi-
mental measurement of sedimentation equilib-
rium distributions was incorporated by superim-
posing on the distribution a random error with a
standard deviation of 3 wm. The resulting distri-
butions were then regarded as the simulated
counterparts of experimental data for assessing
the potential of the suggested analytical proce-
dure for the recognition and characterization of
the self-associating system giving rise to a particu-
lar set of sedimentation equilibrium distributions.

As predicted by eq. (15), the plot of Q(r)
versus &(rg) exp[éM(r? — r2)] exhibits pro-
nounced curvilinearity (Fig. 3a), whereupon it
becomes of paramount importance to determine
whether such plots based on thermodynamic ide-
ality suffice to identify the appropriate value of n
(i.e., the stoichiometry of the two-state self-as-
sociation) before the complicated allowance for
effects of thermodynamic non-ideality needs to
be introduced. The feasibility of identifying the
magnitude of n by this means is illustrated in Fig.
3, where the relevant plots of the simulated data
according to eq. (15) with y,(r)=v,(»)=1 are
presented for n = 3 (Fig. 3b), n = 4 (Fig. 3c) and
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Fig. 4. Application of eq. 15 with n = 4 to data from simulated
sedimentation equilibrium distributions to illustrate determi-
nation of the monomer-tetramer equilibrium constant for the
system considered in Fig. 3. As in Fig. 2, open symbols denote
the initial analysis of high-speed (squares) and low-speed
(circles) experiments on the basis of thermodynamic ideality;
and solid symbols the final analysis after correction for effects
of thermodynamic nonideality via egs. (13a—e).

n =5 (Fig. 3d). Identification of the stoichiometry
of two-state self-association as four is clearly es-
tablished by these plots, despite their failure to
take into account the effects of thermodynamic
non-ideality, This finding simplifies greatly the
allowance for effects of thermodynamic non-
ideality, because the iterative approach adopted
in relation to Fig. 2 for the a-chymotrypsin sys-
tem needs to be applied for only a single value,
i.e., 4, of n. Whereas analysis of the results on
the basis of ideality for a monomer-tetramer
system (Fig. 4, open symbols) yielded €, = 0.901
+0.010 and X, =0.108 £ 0.004 L’g~?, allowance
for effects of thermodynamic nonideality (via the
counterparts of eqgs. 13a-e) leads to the solid
symbols in Fig. 4 and values of 0.902 + 0.004 and
0.119 + 0.007 L% 3 for Q, and X, respectively.
The latter is clearly an excellent estimate of the
monomer—tetramer association constant (0,118
L’g™>) used to generate the simulated sedimenta-
tion equilibrium distributions.

3.4 Multiple-state self-association

Whenever polymeric species larger than dimer
are formed there is a distinct possibility that the
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self-association is not simply a two-state equilib-
rium between monomer and a single higher poly-
meric species. In principle, the characterization
of such systems with multiple polymeric states
requires analysis in terms of eq. (6); but in prac-
tice it is probably more realistic to disregard the
effects of thermodynamic non-ideality initially so
that the number of parameters to be evaluated is
decreased. Although there are many reported
characterizations of non-ideal, multi-state self-as-
sociations, such analyses are based upon use of
the Adams-Fujita approximation (c¢q. 11), for
which there is no real justification in the case of
globular proteins. Adoption of the concept of
spherical geometry would certainly allow the pre-
dictions of all v,(r) by means of an extended form
of eq. (13) to include terms for all species in each
activity coefficient; but this assumption becomes
an increasingly uncertain approximation with in-
creasing magnitude of i. At this stage we there-
fore opt for neglect of thermodynamic non-ideal-
ity, in which case eq. (6) becomes

Q(r)
= 0q+ X,08{(re) exp(6M(r* - 1))}

+ X0 {C("F) CXP(d’M r _ré))]z

+ X, 04 (re) exp(sMy(2 =) + -
(17)

The analysis of this situation is analogous to that
for eq. (9) except that the dependence of Q(r) on
e(rg) expldM(r® —r2)] is now described by a
polynomial rather than a linear relationship.
Adaptation of eq. (17) to describe systems devoid
of specific polymeric species may be effected by
setting X, = 0 for the particular i-mer whose exis-
tence is to be neglected. Alternatively, the essen-
tial absence of a particular polymeric state may,
in principle, be inferred from the return of a
value of X; that is indistinguishable from zero.
To illustrate the approach for characterizing
multi-state self-association, sedimentation equi-
librium distributions were simulated for a range
of monomer-dimer—trimer systems. As before,
the radial limits of the liquid column were set at
6.85 and 7.10 cm, and angular velocities of 40000
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and 18000 rpm were again used to generate the
high-speed and low-speed sedimentation equilib-
rium distributions for these systems with a
monomeric molecular weight of 16000. Monomer
concentration at the cell base was taken as 1.0
mg/mL in simulations of high-speed experi-
ments, and as 2.0 mg/mL in their low-speed
counterparts. Results of the suggested analysis of
these simulated distributions are summarized in
Table 1 for a range of association constants (col-
umns 1 and 2). The corresponding solute compo-
sition at the cell base (r) in each experiment is
also included in Table 1 (next three columns) to
allow ready appraisal of the maximal extent to
which dimeric and trimeric specics werc present.
Comparison of the evaluated associated constants
(final two columns) with their corresponding in-
put values is sufficiently favourable to justify opti-
mism that relatively simple multi-state self-associ-
ation equilibria can be identified and character-
ized by polynomial curve-fitting of the depen-
dence of Q(r) upon &(ry) expldM,(r>—rd). In
that regard it is pleasing to note that the polyno-
mial approach to analyzing the data for the ear-
lier monomer—tetramer system (Figs. 3 and 4 but

Table 1
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with y,(r) = v,{r) = 1) also allowed its identifica-
tion as a two-state self-association, because the
values of X, and X, so deduced were effectively
zero (but with uncertainties that were orders of
magnitude greater than the evaluated parame-
ters).

3.5 Indefinite self-association

An obvious problem in the characterization of
self-association equilibria by non-linear regres-
sion analysis in terms of a general polynomial is
the ever-increasing uncertainty associated with
the magnitudes of successive equilibrium con-
stants — a consequence of the incorporation of
1, to the nth power in the polynomial coefficient
(X ,Q}). Consequently, with increasing » the stage
is inevitably reached where the general polyno-
mial approach fails to define the stoichiometric
association constant (X,) with an acceptable de-
gree of precision. This situation, which pervades
all analyses of multiple self-association equilibria,
has prompted the introduction of models which
place no restriction on the ultimate extent of
self-association (upper limit of n); but which, of

Evaluation of association constants for monomer—dimer—trimer systems by omega analysis of simulated sedimentation equilibrium

distributions

Input constants cfry) (mg/mbh 2 Evaluated constants ™

X, X, cy(ry) cry) cs(ry) X, X,

Legh 12g (Leg™ D g™
1.00 0.12 0.30

0.12 0.30 200 0.48 2,40 0.116 0.297
1.00 0.02 0.40

0.02 0.40 200 0.08 320 0.016 0.3%
1.00 0.40 0.20

0.40 0.20 2,00 1.60 160 0.394 0.198
1.00 0.50 0.06

0.50 0.06 200 200 0.48 0.494 0.0598
1.00 0.50 0.01

0.50 0.01 2.00 200 0.08 0.494 0.0104

2 In each case the first entry refers to a simulated high-speed experiment (40000 rpm) with radial extremites (r,, r,) of 6.85 and
7.10 c¢m for the liquid column: the second entry refers to a corresponding simulation of a low-speed experiment (18000 rpm).
P Association constants determined by nonlinear curve-fitting of the dependence of Q(r) upon c(rg) expldM {r% — rE)] in terms

of a quadratic polynomial {eq. 17).

¢ Uncertainty in estimated values is less than 1 in the final decimal place.
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necessity, impose restrictions on the relative mag-
nitudes of the equilibrium constants describing
successive  self-association steps [7,34-37]: in
isodesmic models all self-association steps are
governed by the same molar equilibrium con-
stants, whereas in attenuated models the equilib-
rium constants decrease systematically to allow
for a varying entropy change at each step. For
purposes of illustration we shall restrict consider-
ation to application of the revised omega analysis
for the characterization of the former systems.

For the simplest isodesmic model [34], involv-
ing indefinite self-association of monomer, the
expression relating monomer concentration, ¢ (r),
at radial distance r to the corresponding total
concentration, &(r), is [34]

e(r) =c](r)/[1 - k[cl(r)] for k,c\(r) <1
(18)

where k; is the molar isodesmic association con-
stant divided by monomer molecular weight to
allow expression of the relationship in terms of
weight-concentrations: the absence of activity co-
efficients signifies assumed thermodynamic ideal-
ity. Combination of this expression with eq. (2a)
(after noting the identity of ¢,(#) and z,() for an
ideal system) and eq. (3) leads to the conclusion
that

1/Q(r) = (1/Q)
—k;e(rg) e>(p[¢>M1(r2 - ré)] (19)

Conformity with this simplest isodesmic model
may thus be recognized by linear dependence of
1/Q(r) upon &(rg) expl¢M (r? —r2)], in which
case the isodesmic association constant (k) is
obtained from the slope.

The application of this approach is illustrated
in Fig. 5a, which summarizes reanalysis of
Rayleigh interferograms, in accordance with eq.
(19), of sedimentation equilibrium distributions
for diisopropyl-a-chymotrypsin in dilute phos-
phate buffer, pH 7.9, I 0.03 [38). Although this
simplest example of isodesmic indefinite self-as-
sociation has been invoked for a-chymotrypsin
under similar conditions [39,40], the curvilinear
form of Fig. 5a is clearly at variance with the
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Fig. 5. Revised omega analysis, with ¢(rg)=1.5 mg/mL, of
sedimentation equilibrium distributions [38] for diisopropyl-
a-chymotrypsin in dilute phosphate buffer (pH 7.9, 7 0.03) in
accordance with various models involving isodesmic self-as-
sociation. (a) Test for conformity with the simplest model (eq.
19). (b) Non-linear rcgression analysis of results in terms of
eqs. 20b (---) and 21b (—) for models involving isodesmic
self-association of dimer.

linear dependence predicted by eq. (19) for such
a system. Because a-chymotrypsin is known to
form a symmetrical dimer [41], we explore models
in which dimer (rather than monomer) undergoes
isodesmic indefinite self-association.

Closed solutions for the description of total
solute concentration in terms of that of monomer
have been obtained for two types of isodesmic
self-association that do not involve odd-num-
bered polymeric species. In the particular circum-
stance where the molar constant for dimerization
also describes the isodesmic indefinite self-associ-
ation of dimer, the analogs of egs. (18) and (19)
are [35,36]

2kiei(r)

(1-kze(r))
for kic(r) <1

c(r)y=c(r)1+

{20a)
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2(r)
2k 0o(rg) exp[ oM (r? — r2)]

(1-K203{a(rp) exp[ oM (72 — r)]} )’
(20b)

Alternatively, if dimer formation entails discrete
self-association that is governed, as before, by
dimerization constant X,, the corresponding ex-
pressions are [35,36,38]

4X,ey(r)
(2 - szicl(r)z)

c(ry=c(r)|1+ 5 (21a)

Q(r)
4X,0,8(rg) exp[ M {r* = rd)]

[2— Xk QH{c(re) exp[ oM (17— f%)]}z]2
(21b)

Q)1+

Although the dependence of Q(r) upon
e(rg) expldM,(r? — rf)] is predicted to be curvi-
linear for either model, it is evident from Fig. 5b
that non-linear regression analysis in terms of eq.
{(21b) leads to much better description of the data
(solid line) than the corresponding analysis in
terms of eq. (20b) (dashed line). In that regard
the consequent conclusion that the self-associa-
tion of diisopropyl-a-chymotrypsin under these
conditions is best described by a model involving
discrete dimerization (X, = 0.31 + 0.03 L/g) fol-
lowed by isodesmic indefinite association of dimer
(k;=0.70 + 0.09 L/g) was also reached previ-
ously [38] by a much less sophisticated analysis
that gave no indication of likely experimental
uncertainty (X, =024 L/g, k; =0.68 L/g).

4, Quantification by simulation

From the viewpoint of processing the experi-
mental data to evaluate the self-association con-
stant(s), the omega method clearly avoids the
distortion of experimental uncertainty inherent in
analysis based on differentiation of the logarith-
mic transform of the recorded sedimentation
equilibrium distribution. However, as noted by
Morris and Ralston [17,18)], there remains the
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problem that uncertainty in the magnitude of
¢(rg) is propagated as a systematic error. The
approach adopted above for minimizing that fac-
tor in the treatment of a-chymotrypsin dimeriza-
tion (Fig. 2) was to repeat the analysis with sev-
eral ¢(rg) values in the range of ¢(r) commen to
the high- and low-speed sedimentation equilib-
rium experiments. An alternative procedure is to
identify the magnitude of the self-association
constant by simulation techniques [11,15]. Of the
two such approaches that have been recom-
mended, one is based on simulation of the experi-
mentally recorded sedimentation equilibrium dis-
tributions [15), whereas the other entails the
matching of simulated and evaluated concentra-
tion dependences of weight-average molecular
weight [11]. On the grounds that the goal of
simulations should be the emulation of the exper-
imentally observed phenomenon rather than a
relationship derived therefrom by differentiation
of a logarithmic transform of the experimental
record, we conclude this study by illustrating an
approach for identifying the dimerization con-
stant for a-chymotrypsin dimerization (pH 3.9, /
0.2) by simulation of the ¢(r)-r distributions.
Although it lacks the sophistication and elegance
of its predecessor [13], the present procedure
does have the merit of avoiding the Adams-Fujita
approximation [23] in the allowance for effects of
thermodynamic non-ideality.

Simulations were commenced by selecting a
reference concentration, &(rg), that was common
to the high- and low-speed sedimentation equilib-
rium distributions used for the omega analysis.
Secondly, a magnitude was assigned to the ther-
modynamic dimerization constant, X,, to allow
first estimates of c(rp) and c,(rp) =¢(rp) -
¢,(rz) to be calculated by solving the quadratic

XP(e(re)]” + ei(rg) —E(rg) =0 (22)

on the basis of thermodynamic ideality (X3P =
X,). These values of the two concentrations were
used in conjunction with egs. (13a-¢) to give the
estimates of y{rg) (i = 1,2) required for evalua-
tion of a second estimate of X3 via eq. (12). Its
substitution into eq. (22) then led to revised esti-
mates of the two species concentrations, the two
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activity coefficients, and hence apparent dimer-
ization constant associated with total concentra-
tion €(rg). This step was repeated until further
iteration produced no changes in the magnitudes
of parameters.

Having established the concentrations and ac-
tivity coefficients of monomer and dimer for a
system with total concentration ¢(rg) and the
assigned association constant X,, we were in a
position to employ the basic sedimentation equi-
librium expression to define theorctical distribu-
tions in terms of thermodynamic activities (eq.
23).

2,(r) =z,(rg) exp{opM,(r?—r})}
fori=1,2 (23)

In these calculations the values of radial distance
coincided with those for which experimental mea-
surements of ¢{r) were available. The two activi-
ties, z,(r} and z,(r), at each radial distance were
then converted to the corresponding weight con-
centrations, ¢,(r)=z,(r)/y{r), by iterativc appli-
cation of eqgs. (13a—e) with z,(r) and z,(r) as the
initial estimates of the two concentrations. The
concentrations ¢,(r) and c¢,(r) thus obtained were
then summed at each radial distance to yield the
array of theoretical total concentrations to be
compared with their cxperimental counterparts.
Finally, selection of the most appropriate as-
signed value of X, was assessed by subjecting the
two sets of total concentration to linear regres-
sion analysis, and recognizing the association con-
stant for a-chymotrypsin dimerization as the value
of X, for which the slopc equalled unity.

The dependence of the regression coefficient
upon the value of X, selected for simulation is
shown in Fig. 6 for &(rp) values of 0.84 (dashed
line), 1.10 (solid line), and 1.53 (dotted line
mg/mL in the high- and low-speed sedimenta-
tion equilibrium e¢xperiments with an overlapping
concentration range of 0.8-1.6 mg/mL. From the
vertical lines, which signify the corresponding
magnitudes of X, for a slope of unity, association
constants of 2.9, 3.4 and 3.8 L. /g are obtained for
the dimerization of «-chymotrypsin by simula-
tions based on these three ¢(#) values. Inasmuch
as a dimerization constant of 3.7 (£0.8) L /g was
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Fig. 6. Dependence of the slope of the linear relationship
between theoretical and experimental values of the total con-
centration, &(r), upon the magnitude of the dimerization
constant, X,, assigned for simulation of the sedimentation
equilibrium distributions obtained with «-chymotrypsin in ac-
etate-chloride buffer, pH 3.9, I 0.2, Numbers indicate the
magnitudes of the dimerization constant (L/g) obtained as
the value of X, for which the slope is unity from simulations
based on reference concentrations, c(rg) of 0.84 (---), 1.10
(—)and 1.53 (- --) mg/ml.

obtained by omega analysis (Fig. 2), it is evident
that comparable quantification is obtained by ei-
ther approach. Such a conclusion is not surprising
in view of the fact that both procedures are based
on direct application of the sedimentation equi-
librium expression in its untransformed state.

5. Concluding remarks

This investigation has served to re-emphasize
the potential of the omega function [14] for char-
acterizing solute self-association, and to present
an improved form of its application. The activity
coefficient of a non-associating solute may be
determined from the linear dependence of Q(r)
upon &(r) (eq. 8 and Fig. 1); and, in principle, the
equilibrium constant for ideal dimerization, may
be quantified by linear regression analysis of the
dependence of Q(r) upon &(rg) exp[¢pM (r? -
r%)] (eq. 9). Thermodynamic non-ideality intro-
duces curvilinearity (possibly undetectable) into
the plot for a monomer-dimer system; but the
value of the apparent association constant de-
duced therefrom allows calculation of activity co-
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efficients on the statistical-mechanical basis of
excluded volume [21), and hence reappraisal of
the data with allowance made for the effects of
thermodynamic non-ideality (Fig. 2). In the event
that the polymeric state is larger than dimer, the
plot of Q(r) versus &(rg) expldM(r* —r2)] ex-
hibits upward curvilinearity (Fig. 3a) because (r)
varies linearly with the (n — Dth power of the
abscissa parameter (eq. 15). A series of plots with
a range of potential n values should allow identi-
fication of the stoichiometry (Fig. 3) and hence of
X, (Fig. 4).

Systems exhibiting self-association equilibria
involving multiple polymeric states may be recog-
nized by the inability to find any value of n that
leads to linearization of the dependence of Q(r)
upon {¢(rg) expl M (r* — D"~ L. If the self-as-
sociation pattern involves relatively few polymeric
solute states the system may be characterized by
general polynomial curve-fitting of the curvilinear
dependence of (r) upon &(ry) expl¢pM (r? -
r&)] (Table 1). The requirement to extend such an
analysis beyond a few values of n places the
researcher in a dilemma, because adoption of a
general model involving a large number of poly-
meric species automatically leads to ambiguous
description of the self-association through inabil-
ity to define adequately the successive equilib-
rium constants. A corollary of that inference is
that retention of all polymeric species can only be
encompassed by imposing restrictions on the rela-
tive magnitudes of successive self-association con-
stants. Consequently, even though the various
models based on indefinite self-association {7,34—
37] are open to criticism on the grounds that the
major justification for their application is simply
the availability of a quantitative description of
solute concentration in closed form, resort to
some such simplification of the relationship(s)
between the relative magnitudes of successive
equilibrium constants is likely to be mandatory
for a reasonably definitive quantitative descrip-
tion to be obtained of solute self-association in-
volving a large number of polymeric states. The
omega analysis also finds ready application to
these systems, as is evident from the considera-
tion of results for diisopropyl-a-chymotrypsin at
low ionic strength in terms of isodesmic models
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(Fig. 5). Finally, the equivalence of quantitative
inferences stemming from the omega analysis and
the simulation of concentration distributions at
sedimentation equilibrium [15] has been illus-
trated by an adaptation of the latter procedure to
obtain the dimerization constant for a-chymo-
trypsin in acetate—chloride buffer, pH 3.9, I 0.2
(Fig. 6). The only difference between the two
approaches is that the omega analysis employs
the experimental data for evaluation of the equi-
librium constant, whereas the simulation proce-
dure identifics it by screening an array of poten-
tial association constants for conformity with the
experimental sedimentation equilibrium distribu-
tion(s).
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